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06 ycTpaHHMBix oco6eHHOCTax o^Horo KJiacca OTo6pa>KeHHH, ygOBJieTBopsno- 
in,nx MO,a,yjiBHBiM HepaseHCTBaM 

n P o ycyBHi CHHryjiapHOCTi o^Horo KJiacy Biflo6pa>KeHb, in,o 3a,n,OBOJiBH5noTB 
MOflyjiBHi HepiBHOCTi 

On removable singularities of one class of mappings satisfying moduli inequa¬ 
lities 

B HacTonrgen paftoxe nccjieflOBaHBi Bonpocbi, cBH3aHHBie c jioKajiBHBiM rroBe/ienneM Tax 
Ha3BiBaeMBix Q-oToSpaxcemiii, BKjnonarorgnx b ce6n Kjiaccw kb asn koi i( j)op miibix oTo6pa- 
xcemm n oToSpaxcemm c orpammeHHBiM HcxaxteHHeM. I Ioxasano, htc, ecjin oToSpaxceHHe 
Taxoro Tnna pacTeT b oKpecTHocTH H30JinpoBaHHon tohxh rpaHunpi He SnicTpee HeKOTopoii 
f{)yiTKiiMH pa/inyca mapa, to 3Ta Tonxa hbjthctot ycTpamiMofl oco6oh tohxoh oToSpaxcemm, 
jih6o nojnocoM. 

B ^aHifi pohoTi ^ocjii^xceHo miTaHHx, noB’x3am 3 jioxajiBHoio noBe^iHKoio Tax 3BaHHx 
Q-Bfn;o6paxceHB, rgo BxjnonaioTB yo ce6e xjiacn xBa3ixoH(J)opMHHx Bmp6pa>Keim Ta Bi,n;o6pa- 
>xeHB 3 oSMexceHHM cnoTBopemmM. ,H,oBe,n;eHo, rgo xxin;o Bi,n,o6pax<eHHx Taxoro rany 3pocTae 
b oxojii i30JiBOBaHoi tohxh Mexd He tttbh jTTn e 3 a fleaxy c^yHxpiio pa^iycy xyjii, to pa Tonxa 
e ycyBHoio cHHryjixpmcTio BipoSpaxceHHH, a6o nojnocoM. 

A paper is devoted to study of local behavior of so-called Q-mappings including quasicon- 
formal mappings and mappings with bounded distortion. It is showed that, such mappings 
have removable isolated singularities whenever the grow of the mappings is note more than 
some function of a radius of a ball. 


2 


1. BBe,n,eHHe. HacTonman 3aMeTKa nocBHipena noncKy ycjiOBHH Ha oTodpaxcemie / : 
D \ {6} —> M n , 3a^aHHoe b oKpecTHocTH tohkh b npocTpaHCTBeHHoii odjiacTH D C M n , 
n > 2, npn KOTopnix sto oTodpaTKemie npo^ojiacaeTca b Tonxy b HenpepBiBHBiM o6pa30M. 
H3BecTHo, hto fla>Ke aHajiHTHHecKaa cJjyHKpiiH tp : D \ {6} —>■ C, D C C, 3a^aHHaH b 
oSjiacTH D \ {6} KOMnjieKCHofl njiocKocTH C, Boodipe roBopn, He npoflOJiJKaeTCH b Tonxy b 
no HenpepniBHocTH (<p(z) = exp{l/^}, 6 = 0). 0^,HaKo, KaK Sbijio noKa3aHo b padoTe [lj, 

TaKoe npo^ojiJKeHiie HMeeT MecTo ^jih HeKOToporo Kjiacca oTodpajKeHHii flance 6ojiee odm,Hx, 
neM aHajiHTHnecKHe cjDyHKiiyiH, b tom cjiynae, ecjra pocT OTodpaJKeHHH b OKpecTHocTH tohkh 
b He cjihihkom bcjikk. B cjiynae oTodpaTKemifi c orpaHHHeHHBiM HCKaxeHHeM cm. Tannce 
padoTy [2] no 3TOMy noBo^y. 

B HacTOHm;eH padoTe Kjiacc OToGpaxceHHH, fljia kotopbix HMeeTca no^oSHoe HenpepniBHoe 
npo^,oji>KeHHe, dyn,eT ein;e donee pacninpeH. 3,n,ecB mbi noKanceM, hto ^jih yTBepnc^eHHH Ta- 
koto po^a ^ocTaTOHHo ododmeHHoro HepaBeHCTBa rana IIojiepKoro, onpe^ejiniomero otkpbi- 
TBie ^HCKpeTHBie KOJIBpeBBie Q-OTo 6 pa>KeHHH (cm. i- 0 , 0 , 0 ). Ilpn 3 tom, Ha nopnyoK po- 
cTa caMHx oTo 6 pa>KeHHH, k coTKajieHHio, Heodxo,n;HMo noTpedoBaTB hcckojibko 6 ojiee ncecTKHe 
ycjiOBHH aHajiorHHHoro nee xapaKTepa (3flecn hmctotch b Bimy CTeneHHo-jiorapH(J>MHHecKHe 
orpaHHHeHHH, yye «nop>TnoK cTeneHH» mo>kot 6 bitb 3apaHee HeH3BecTeH). Bee cKa3aHHoe, 
hto cjie^yeT ottpjibho otmcthtb, He HBjineTCH co^epncaTejiBHBiM b cjiynae roMeoMop 4 )H 3 MOB 
(cm., Hanp., my B 3tom cjiynae, HHKaKHx orpaHHHeHHil Ha pocT oToSpanceHmi He Tpedy- 
eTCH, KpoMe, pa3yMeeTCH, aHajiHTHHecKiix ycjiOBHH Ha c^yHKpmo Q, oTBenaromyio 3a Mepy 
IICKaJKeHHH MO^yjIH CeMeHCTB KpHBBIX npH OToSpanceHIIH. 

Tenepn 6ojiee no,n;podHo o coflepncaTejiBHoft nacTii padoTBi h ee ochobhbix pe3yjiBTaTax. 
Bcio^y flajiee D - odnacTB b R n , n > 2, m - Mepa Jledera M n , dist ( A , B) - cbrjih^obo 
paccTonmie Menyny MHoncecTBaMH A, B C M”, dist (A, B) = inf lx — y\, (x , y) o6o3HanaeT 

xeA,y&B 

(cTaHflapTHoe) CKajinpHoe npoH3Be^;eHHe BeKTopoB x,y G M n , diarn A - eBKjiH^oB ^naMeTp 
MHOJKe ctb a A C M n , B(x 0 ,r) = {x G M” : \x — x 0 | < r} , B n := 5(0,1), S(x 0 ,r ) = {x G 
M” : \x — xo| = r}, S 71 ^ 1 := 5(0,1), u n ~i 03HanaeT njiomaflB cc^epni § n_1 b M n , Q n - odT-eM 
eflHHHHHoro mapa B n b R n , 3anncB / : D —y M" npe^nojiaraeT, hto oTodpaxceHne /, 3aflaHHoe 
b odjiacTH D, HenpepniBHo. OTodpanceHne / : D —> R” Ha3BiBaeTcn ducnpemnuM , ecjin 
npoodpa3 f^ 1 (y) KaJK^ofl tohkh y G M n coctoiit H3 H30jHipoBaHHBix tohck, h omKpumuM , 
ecjin odpa3 jnodoro otkpbitoto MHoncecTBa U C D HBjiaeTCH otkpbitbim mhohccctbom b M n . 

Kpueou 7 mbi Ha3BiBaeM HenpepBiBHoe oTodpanceHiie oTpe3Ka [a, b] (otkpbitoto HHTepBa- 
jia (a, 6 ), jindo nojiyoTKpBiToro HHTepBajia BH,ri;a [a, b) iijih (a, 6 ]) b M n , 7 : [a,b] -A- M n . IIot; 
ceMeilcTBOM kpiibbix r no7pa3yMeBaeTC5i HeKOTopBiil (JuiKciipoBaHHBiii Hadop kpiibbix 7 , a 
/(r) = {/ o 7(7 G T} . Cjie^yiomHe onpe^ejieHHH MoryT dBiTB Hafl^eHBi, Hanp., (HI pa3,a;. 1- 
6 , tji. I]. BopejieBa (JiyHKpHH p : M n —>■ [0, 00 ] Ha3BiBaeTca donycmuMou fljia ceMeficTBa 
T kphbbix 7 b M n , ecjin KpHBOjiHHeiiHBiH HHTerpaji nepBoro po^a ot cjiyHKHiiii p no Kanc- 

flofl (jiOKajiBHO cnp hmjih e m oit) KpHBOH 7 G Y yflOBjieTBopneT ycjiOBHio f p(x)\dx\ > 1. B 

7 

stom cjiynae mbi nmneM: p G admr. ModyneM ceMeficTBa kpiibbix V Ha3BiBaeTCH BejniHii- 

Ha M(T) = infp ea dmr / P n (x) dm(x). CBoficTBa Mo^yjia b HeKOTopofi Mepe aHajiorHHHBi 

D 

CBOHCTBaM MepBi Jledera m b M n . Hmchho, Mo^yjiB nycToro ceMeficTBa kpiibbix paBeH Hy- 
jiio, M(0) = 0, Mo^yjiB odjia^aeT cbohctbom mohotohhoctii othochtcjibho ceMeficTB Kpn- 
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bbix T i H r 2 : Ti c r 2 =>• M(Ti) < M(T 2 ), a Taxxce cbohctbom nojiya/ppiTHBHocTH: 

( oo \ oo 

U r * < ^M(r*), cm. [8 l TeopeMa 6.2 ], Tobopht, hto HexoTopoe cbohctbo bbiiioji- 

i =1 / i=l 

HeHo fljis noumu ecex (n.e.) k pueux odjiacTH .D, ecjin oho HMeeT mccto fljis Bcex xpHBBix, 
jie>xain,Hx b D , xpoMe (bo 3 mo>kho) HexoToporo hx no^ceMencTBa, Mo^yjiB xoToporo paBeH 
Hyjno. ,H,ajiee chmboji T (E, F, D) o3HanaeT ceMeficTBo Bcex xpiiBBix 7 : [a, b] —> xoTopnie 

coe^HHHioT E h F b D, T.e. 7(a) G E, 7(6) G F h y(i) G D npn t G (a, 6). 

IlycTB r 0 = dist (t 0 ,<9.D), Q : D —> [0, 00 ] - H3MepHMaa no Jledery cjayHxpiiH, S'* = 
5(xo, Vi), i = 1, 2. OTodpajxeHHe / : -D\{x 0 } —* M n , M" := M”U{oo}, Ha3biBaeTCH KOAbi^eeuM 
Q-omo 6 pa, 2 tceHueM e mouize iq G D, ecjin cooTHomemie 

M (/ (r (Si, S 2 , A))) < J Q(x) ■ rj n (\x - x 0 |) dm(x) 

A 

BBinojiHeHO fljia jnodoro xojinpa A = A(ri,r2,Xo) = {a; G M n : r 1 < |x — £o| < r 2 }, 
0 < 77 < r 2 < To, h flJis xancflOH H3MepiiMoft c^yHxipm r) : (77,77) —> [0, cx)] Taxon, hto 

r2 

J rj(r) dr > 1. (1) 

n 


Bcio^y flajiee q XQ (r ) o3HanaeT cpe^Hee HHTerpajibHoe 3HaneHHe Q{x) Ha# ccjxpoH S(x 0, r), 

1 


9xo 0 ) ■ = 


uJn-ir 


n —1 


Q(x) dS , 


S(xo,r) 


r^e dS - ojieMeHT njiom;a7,H noBepxHOCTH S. 


HanoMHHM, hto H30JiHpoBaHHaa TOHxa xq rpaHHiiM dD odjiacTH D Ha3BiBaeTCH ycmpa- 

humou fljiH oTodpajxeHHH /, ecjin cym;ecTByeT xohchhbih npe^eji lim / (x). Ecjih f(x)—>oo 

x—>xo 

npn x — y xo, TOHxy xo 6yn,eM Ha 3 BiBaTB tloaiocom. HnojinpoBaHHaH Tonxa Xq rpaHHipj dD Ha- 
3 BiBaeTCH cymecmeeHHo oco6ou mouKou oTodpanceHHH / : D —> M ra , ecjin npn x —> Xq hct hh 
xoHeHHoro, hh GecxoiTeniToro npepena. Ochobhoh pe 3 yjiBTaT nacTOHinen cTaTBii 3 axjiroHaeT 
b cede cjieflyromee 


TeopeMa 1. llycxu 0 : I) -7 (0, 00 ] - H3Mep hm a n no JIe6ery dpyHnpHH, b G D h f : 

D \ {6} —> M n - OTKphiToe mcKpexnoe KOJibpeBoe Q-OTodpaxemie b Tonne b. 3adpnKcnpyeM 

eo 

£ 0 > 0, Taxoe hto e 0 < dist ( b,dD ). FLpe^nojioyKHM, hto f — = 00 , qb(t ) < 00 npn 

0 d) 

nonxn Bcex t G (0, £ 0 ). Torya, ecjin npn 0 < p < ^ h HenoTopon nocTOSLHHon C > 0 


\f(x)\ < C ■ exp 



V x G B(b,e 0) \ { 6 } , 


( 2 ) 


to OTo6payKenne f HMeeT npe^en (KOHenHbin jih6o decKOHenHbin) b Tonne b. Ecjih yne BMecTO 
ycjioBHH (0) HMeeT Mecro 6ojiee cnjibnoe npe^nojioyneHne 


lim \f(x)\ ■ exp 

x^tb 


£0 



\x~b\ 


dt 




0 , 


0 < p < 



l/(n-l) 


1 
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to tohkel x = b aBjiaerca yya oro6paxeHna f ycrpanmion oco6on tohkoh, ncKjnoaaa no- 

HK>C. 

OTMeTIiM, HTO flJIH OToSpaJXeHHH C OTpaHHHeHHBIM HCKaJKeHUeM (xOTfla c]:n'HKII,HH Q(x) 
orpaHH^eHa) TeopeMa |T] 6bijia nojiyneHa b pa6oTe j2j TeopeMa 4.2], 

2. OcHOBHaa jieMMa. KoMnaxTHoe MHoacecTBo G C M n vcjiobitmch Ha 3 BiBaTB mho- 
atcecmeoM Hyjieeou eMKocmu, rniineM capG = 0, ecjni cyrpecTByeT xoMnaxT T c M. n \G, 
M n \ T 7 ^ R", Taxon hto M(T(T, G, R n )) = 0, cm., Hanp., [9j pa 3 ,n;. 2, tji. Ill h npe,n;jio:>xe- 
Hne 10.2, tji. II|. Byn,eM roBopiiTB, hto npoH3BOJiBHoe mhojkcctbo G HMeeT cmkoctb HyjiB, 
ecjiH npoH3BOJiBHoe ero xoMnaxTHoe no^MHoncecTBo G 0 HMeeT HyjieByio eMxocTB. Mhojxc- 
cTBa eMxocTH HyjiB, xax H3BecTHo, bcto/iv pa3pBiBHBi (jno 6 aa xoMnoHeHTa hx cbh3hocth 
BB ipojx^aeTCH b TOHxy), T.e., ycjioBHe capG = 0 BjieneT, hto IntG = 0, cm., Hanp., [9] 
cjie,n,CTBHe 2.5, tji. III|. OTxpxiToe MHo>xecTBo U C D, U C D, Ha 3 BiBaeTCH HopMcuibnou 
OKpecmHocmbm tohxh npn OToSpaixeHHH / : D —* R n , ecjni U D / _1 (/(#)) = {t} h 

df{U ) = f(dU), cm., Hanp., [9J, pa 3 ,n;. 4, tji. I], 

IIpe^JiojKeHMe 1. IJycTb f : D —> M" oTKpbiToe yncKpemoe OTo6paa<enHe. Tory a yjia 
Kaacyoro x £ D cyryecrByer s x , xaxoe, hto npn Bcex s £ (0, KOMnoHeHTa cBa3Hocrn 
MHoacecTBa f~ 1 (. B(f(x),s )), coyepiKaryaa Toany x, h o6o3HanaeMaa chmbojiom U(x,f,s), 
aBjiaerca HopMajibHon OKpecTHOCTbm tohkh x npn OTo6pa>KeHim /, npn otom f(U (x, f,s )) = 
B(f(x), s ) n cliarn U(x, f, s) —> 0 npn s —> 0, cm., Hanp., jieMMy 4.9 rji. I b JSf. 

JJfla oTo6pa>xeHHH / : D —> R n , MHonce ctb a E 1 C D h y £ R n , onpe^ejiiiM cfiyuKyuK ) 
Kparrmocmu N(y,f,E ) xax hhcjio npoo6pa30B tohxh y bo MHo>xecTBe E, T.e. N(y,f,E ) = 
card {t £ E : f(x) = y} . J\jia ,n;oxa3aTejiBCTBa ochobhbix pe3yjiBTaTOB paSoTBi HaM Heodxo- 
flHMo BocnojiB30BaTBCH cjie,n,yioHi,HM yTBepjx^emieM, cm. [TOl jieMMa 5.1]. 

IIpeflJiojKeHHe 2. IJycTb Q : B n —>■ [0, 00 ] - H3MepnMaa no JleGery <f>ymcyna, f : M n \ 
{0} —>■ R n , n > 2, - oTKpbiToe yncKpemoe Kojnaienoe Q-oTo6pa>KeHne. IJycTb, npoMe xoro, 

cap (W \ f (B n \ {0})) > 0 . 

llpeynojioacHM, hto cyryecrByer c 0 £ (0,1) Taxoe, hto npn e —» 0 

J Q(x) ■ ip n (\x\) dm(x) = o(I n (e,e 0 )) , 

£<| x |<£0 

rye ^{t) - hsm ep mm a a no JIe6ery (pyrncyna, raxaa hto i(j(t) >0 n.B., n 

eo 

/(e, e 0 ) = J ip(t)dt < 00 
£ 

yjia Bcex £ £ (0, £ 0 ). Tory a f nxieer HenpepbiBHoe npoyonaceHne f : B n —y M n b B n . 

Ba>KiTei : TiTiyio pojiB npn ^oxasaTe.nccTBe ochobhbix pe3yjiBTaTOB paSoTBi nrpaeT cnenyio- 
maH jieMMa. 

JieMMa 1.IJycTb 0 : 1) (0, 00 ] - nsMepnMaa no JIe6ery cpyrncyna, b £ D n f : 

D \ {6} —y M n - OTKpbiToe yncKpemoe KOJibyeBoe Q-oTo6paaceHne b to nxe b. 3adpnKcnpyeM 
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£q > 0, Taxoe hto £q < dist (6, dD ). IJpeflnojioxHM, hto fljia HenoTopbix nocTonHHon A > 0, 
B3M epiiM on no Jle6ery (pyHKpnn 0 : (0, £ q ) —*> (0, oo) h £ —$■ 0 


J Q(x)-i/j n (\x 

£<\x — b|<£0 


5|) dm(x ) < 


A • / w (e, gp) 

(log^(e))" -1 ’ 


( 3 ) 


me 


I(£,£q) 


£0 

J ip(t)dt < oo 
£ 


V £ G (0, £q) . 


( 4 ) 


3a (piiKcnpyeu crporo y6bwaiOLpyio (pyrnepino tp : (0, oo) —> (0, oo), ypis Koropon <p(t) —¥ oo 
npn t — y 0. Tor^a, ecmi npn HeKoropoM 0 < p < ^ n HenoTopoii nocTonHHoii 

C > 0 BbinojinneTcn ycnonne 


\f(x)\ < C ■ ffp(\x - 6|) Vi65(0,£ 0 )\{0}, (5) 

to OToOpancemie f HMeer npe^en (KOHenHbiit jih6o 6ecKOHenHbiit) b Tonne b. 

/JoKa3ameAbcm60. npe,n;nojio:>XHM npoTHBHoe, a HMeHHO, hto Tonxa b aBjiaeTCH cyipe- 
CTBeHHo oco6oh tohxoh oTodpancemiH /. He orpaHHHHBaa o6iu;hocth paccy:>x,ii;eHHH, mojkho 
CHHT aTb, HTO b — 0 H C — 1. HoCKOJIBKy C(J)epa 5(0, £q) HBJlHeTCH KOMnaKTHBIM MHOJXeCTBOM 
b D \ {0}, Hafi^eTCH R > 0, TaKoe hto 

/(S(0,e o ))c5(0,5). (6) 

nOCKOJIBKy 6 = 0 >1B.7T>T(!TC>T CyipeCTBeHHO OC 060 H TOHXOH OTo 6 pa)XeHHH /, B BHfly yCJIOBHS (J3]) 
h npefljio>KeHHH[2]oTo6pajKeHHe /b5(0, £o)\{ 0} npHHHMaeT Bee 3HaHeHHH b M n , 3a Hcxjnone- 
HneM, MOJKeT 6 bitb, HeKOToporo MHoxcecTBa cmxocth Hyjib, T.e., N (y, /, 5(0, £o) \ {0}) = oo 

npn Bcex y G ffi n \ E, r^e cap E — 0. Tax xax E HMeeT cmxoctb HyjiB, mhohccctbo R n \ E He 

Mo>KeT 6 bitb orpaHHHeHHBiM. B TaxoM cjiynae, Hafi^eTCH yo G M n \(E U 5(0, R)) a, 3 HaHHT, 
Hafl^eTca Tonxa X\ G f~ l (yo) fl (5(0, £o) \ {0})- no npeflJioxceHHio [I] npn HexoTopoM cjnix- 
cnpoBaHHOM r > 0, Taxaa Tonxa HMeeT HopMajiBHyio oxpecTHocTB U\ := U(x i, /, r), Taxyio, 

™ /(Hi) = 5(y 0 ,r). _ _ 

nojiaraeM d := dist (0, UA . nycTB a G (0, d) h V : = B(0,£o) \ 5(0, a). B cany Hepa- 
BeHCTBa (l5]l . cTpororo ySbiBaHHH cJ)\ttxipth p, a xax>xe npeflnojio>xeHHH o tom, hto (7=1, 
HMeeM 

/(V)C5(0,4)). (7) 

nocxojibxy := y 0 + re G 5(y 0 ,r ) = f [u{x 1 ,/,r)) , 6yn,eM hmctb: z 0 G f(V). Cjie^o- 

BaTejiBHo, Hafi^eTCH nocjie^oBaTejiBHocTB Tonxa x\ G U\ , Taxaa hto f(xj ) = z 0 . 06o3Ha- 
hhm nepe3 H nojiyc(J)epy H = {e G S ” _1 : (e, yo) > 0} , nepe3 T ’ - ceMeficTBO Bcex xpiiBBix 
/3 : [r, <p p (a)) —> M n BH^a f3(t) = y 0 + te, e G 5, a nepe3 T - ceMeficTBO MaxciiMajiBHBix 
noflHHTHH T ' npn oTodpaxcemiH / othochtcjibho odjiacTH V c HanajioM b Tonxe x\ , xoTopxie 
cyiiiecTBvioT b cHjiy |9l TeopeMa 3.2, tji. II|. 

n P H jiioSom 4)iixcHpoBaHHOM e G 5, noxa>xeM, hto ^jis xa>x/i,oH xpiiBofi f3 = yo + te 
h xajx^oro MaxciiMajiBHoro ee ho^hhthh a (t) : [r, c) —> H c HanajioM b Tonxe x[, a G 
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T, cymecTByeT nocjie,n;oBaTejiBHocTB G [r, c), Tanan hto —> c — 0 npn k —» oo h 
dist (a/r^), <9M) —* 0 npn k —> oo. IIpe^nojiojKHM npoTHBHoe, Tor^a Hafi^eTCH eo G H, 
TaKoe, hto KpHBasi a(t), £ G [r, c), HBjunomaHCH MancHMajiBHBiM noflHSTneM kphboh f3 = 
y o + £eo, JiemHT BHyTpn V BMecTe co cbohm 3aMBinaHHeM. IlycTB C(c, a(t )) o6o3HanaeT 
npe^ejibHoe MHOxcecTBO kphboh a npn t —> c — 0, Tor^a fljia naxynpro x G C(c, a(t)) 
Hafi^eTCH nocjie^oBaTejiBHocTB tk —> oo, Tanaa, hto x = lim a(tk). IIo HenpepBiBHocTii 

k—> oo 

/, nocnojiBny, no npeflnojioxceHHio, C(c, a(t)) C V, 6yn,eM hmctb /(#) = /(lim a(tk)) = 

k—>oo 

lim /3(tk) = /3(c), oTKyzja cnepyeT, hto oTodpancemie / hoctohhho Ha MHoxcecTBe C(c, a(t)). 

k —^oo 

Tan Kan no ycjiOBino / ^ncnpeTHO, a MHomecTBO C(c, a(t)), oneBH^HO, nBjmeTcn cbhhhbim, 
6yn,eM iimctb C(c, a(t)) — p\ G V. 

IIojiaraeM bo := ip p (a). IlycTB c ^ bo. Tor^a mojkho nocTponTB HOBoe MaKCHMajiBHoe 
no^HHTne a' kphboh f3 c HanajioM b Tonne p\. no^HSTHH an a', nojiynaeM 

em;e o^ho noflHHTne a" kphboh [3 c HananoM b Tonne xj 0 , nTo npoTHBopemiT cBoficTBy 
MancHMajiBHocTH hcxo^hoto no^HHTHH a. 3HanHT, c = b 0 . 

B TanoM cjiynae, C(bo,a(t)) noHTi-myyM bhvtph V, npn stom, C(b 0 ,a(t)) — p[ G V 
h, 3HanHT, a npo^ojixcaeTCH ro 3aMKHyTOH kphboh, onpe^ejieHHOH Ha oTpe3ne [r,(p p (a)\. 
06o3HaniiM 3Ty npiiByio cHOBa nepe3 a (o6o3HaneHHH He MeHsieM). Tor^a npn Bcex t G 
[r,Lp p (a)\ HMeeM j3(t) = f(a(t )) C f(V), b nacTHocTH, nojiaraa t := + p (a), paccMOTpiiM 
3jieMeHT z\, onpe^ejiaeMBiH no npaBiuiy z\ := yo + p p (a)e o. BBHpy BKjnoneHHH (I7|) , HMeeM 

-i = 2/o + <p p (a)e 0 G f(V) C B (0, +> p (a)) . (8) 

Oynano, nocnojiBny eo G H, 

|-iI = \yo + <f p (a)e 0 1 = x/M 2 + 2 (y 0 , + p (a)e 0 ) + ip 2p (a) > 

> V\Vo\ 2 + ip 2p (a) > ip p (a) . (9) 

OflHano, cooTHomeHiie (JSJ) npoTHBopeniiT (|8|) . hto, b cboio onepe^B, onpoBepraeT npeflnojio- 
>neHHe o BnjnoneHHH 3aMBinaHHn kphboh a(t) bo MHoxcecTBo V. 

Cjie^oBaTejiBHo, dist (a(rk),dV) —> 0 npn k —> c — 0 h HenoTopon nocjie^oBaTejiBHocTH 
Vk G [r, c), Tanoil hto —> c — 0 h k —> oo, hto h TpedoBanocB ycTaHOBHTB. 

3aMeTHM, hto cHTyapHH, norfla dist (a(rfc), 5'(0, £o)) —^> 0 npn k — > c — 0, HcnjnoneHa. 
/(eficTBHTejiBHo, nycTB 3Ta cHTyapna HMeeT MecTo. Tor^a Hafi^yTcn P 2 G 5(0, eo) H nofl- 
nocjie^oBaTejiBHocTB HOMepoB ki, l G N, Tanne, hto a(r kl ) —> P 2 npn l —> oo. OTciofla, no 
HenpepBiBHocTii f, nojiynaeM, hto /3(' r —>■ /(p 2 ) npn l —)■ oo, hto HeB03MO>KHO BBH^y co- 
OTHomeHna (JH]), nocnojiBny, ripn naac^oM (JuinciipoBaHHOM e G H h t G [r, p p (a)) , HMeeM 
\/3(t)\ = \y 0 + te | = -s/12/o| 2 + 2t(i/o, e) + t 2 > \y 0 \ > R no BBidopy y 0 . 

M 3 cna3aHHoro BBime cjie^yeT, hto Haii^eTCH nocjieflOBaTejiBHocTB G [r, c ), Tanaa hto 
Tk —* c — 0 npn k —y 00 , h a(rfc) —)■ p 3 G 5(0, a). KpoMe toto, nanc^aH Tanasi npHBasi a G T 
nepecenaeT ccjiepy 5(0, d), nocnojiBny, corjiacHo nocTpoeHHio, a HMeeT Hanajio BHe mapa 
B( 0, d). B cHjiy cna3aHHoro, Y > T(5(0, a+e), 5(0, d ), A(a+e, d, 0)) npn ckojib yro^Ho MajiBix 
e > 0. 3aMeTHM, hto r 7 > /(r), nosTOMy no onpe^eneHiinj kojibhpboto Q-oTodpancemiH b 
H yjie 

M(V) < M(f(Y )) < M(r(5(0, a + e), 5(0, d), A(a + e, d, 0))) < 
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Q(x) ■ rj n (x)dm(x ) (10) 

A(a-\-£,d, 0) 

fljiH KajKfloft H3MepiiMofi no JleSery (|)vhkii,hh r), y^oBjieTBopmomen cooTHomeHHio (pQ) npn 
ri a + £ h r 2 := d 0 . 

PaCCMOTpHM (J)yHKUHK) 



Va+e(t) = 


ip(t)/I(a + e, d), t 6 (a + £,d), 

0 , iet\(fl + £,d) ’ 


pge BejiHHHHa /(a + e, d) onpe^ejieHa Taxoxe, xax b (HI) , a tb = (JiyHxpHn H3 ycjioBnn jieMMBi. 
3aMeTHM, hto 4)yHKn;HH rj a+e (t ) nBjineTcn H3MepnMon no JleSery, xpoMe Toro, 


rj a+£ (t)dt = 1 


a+e 


B TaxoM cjiynae, H3 cooTHomeHnn (jTOl) nojiynaeM: 

1 f 


M(r') < 


I n (a + e, d) 


Q(x) ■ r ip n (\x\)d7n(x) < 


a+e<|a:|<d 


< 


I n (o + £, £q) 


/ n (a + e, d) ■ I n (a , £ 0 ) 


Q((c) • ^ n (|jc|)dm(a;) = 


a+e<\x\<eo 


= 1 + 


I{d, £p) 

I{cl + £, d) J -/ n (a + £,£ o) 

2 


Q(x) ■ r ip n (\x\)dm(x) < 


< 


I n (a + e, £q) 


a+£<|ai|<£o 

Q(a;) • ^ n (|a)|)dm(a;) 


( 11 ) 


a+£<|a;|<£o 

npn Bcex a + £ £ (0, di) n HexoTopoM di, di < d, nocxojinxy, b cnjiy cooTHomeHnn (JHJ 
I n (a + £, d) — * oo npn a + £ —* oo. CHOBa, H 3 (J3J) n (ITTl) nojiynaeM, nro npn a + £ G (0, di) 


M(r') < 


271 


(logv?(a + e)) 


n —1 


( 12 ) 


C flpyroft cTopoHBi, b cnjiy |8J pa3^. 7.7], 

M(r') = J 


W n -1 


log 


yP(q+e) \ 


n—1 


(13) 


Topga H3 HepaBeHCTB (jT2l) n (O nojiynaeM: 


^n —1 


log 


— < 


271 


y p (q+£) \ n (log(^(a + £)) 


n —1 ’ 













OTKyga 


/ 


log 


ip p (a + e) 


^\ 


n— 1 


> log (<p(a + e)p 2A 


71—1 


log 


I 2 \ 71—1 

f <y p (a + e)\ V“™-i7 

(---) > log(< / 9(a + £))^ 2A ' ) 


-1—- > ( V (a+ £)/”)" K^ir)" . 

IIocKOjibKy no BBiSopy 0 < p < (xx) 1 ^™ ^ > b npaBofi nacTH nocjie^Hero cooTHomeHnn 
BejiHHHHa ip(a+e) GepeTcn b HeKOTopon nojioncHTejiBHon cTenemi. riepexo^n 3flecn k npe^ejiy 
npn a + £ —> 0 h ymiTBiBan, hto no ycjiOBHio jieMMBi <p(a) —>■ oo ripn a —> 0, nojiynaeM, hto 


1 



hto HeB03M0>KH0. IIojiyneHHoe npoTHBopenne 03HanaeT, hto Tonna b = 0 He MonceT 6 bitb 
cymecTBeHHo oco6on pjm oToSpanceHnn /. □ 

OTflejiBHBiil cjiynan npe^cTaBjineT co6on cirryapua, Kopga I(e,£ o) < M ■ log<p(e) npn 
HeKOTopon nocTonHHofi M > 0 n e —> 0. Cneflyiomee yTBepjKflemie MonceT 6 bitb nojiyneHo 
H3 Em jieMMa 5]. 

IIpe,z],Jio:>KeHHe 3. / Ipe/TjiojiovKHM, hto h G D, f : 1) —> B((). R) OTKpbiToe pncKpeTHoe 
KOJibpeBoe ()-OTo6pa>K('imc b tohkc b , npn otom , cymecTByior H3MepnMan no JIe6ery dpyHK- 
pnn Q :/}—>• [ 0 , oo], HHCJia £ 0 > 0 , e 0 < dist (b, dD) , n A > 0 , xa Kne, hto npn e —>■ 0 iiMeioT 
MecTo cooTHouieHHH ( l 3 j )-( f 3 )). IJycTb, KpoMe toto, cyipecTByer nocToamiax M > 0 h E\ > 0 , 
£\ G ( 0 , £ o )) Ta RHe hto npn Bcex e G ( 0 , £\) BbinojiHeHO ycnoBne 


I{e,£ 0 ) < M ■ log<p(e), 


(14) 


rpe I(e, e 0 ) onpepejineTcn cooTHomeHneM (dj), a : (0, oo) — > [0, oo) - HenoTopan cfryHKpnn. 
Tor/i;,a npn Bcex x G B(b,£ i) nueer Mecro openna 

I f(x) - fib) | < an ^^ R ^ exp{—/3 n / (|x — ft|, e 0 )} , (15) 

rpe nocTOHHHbie a n n /3 n = (xxt) 1 ^” ^ 3a bucsit tojibko ot n, a 5 - ot R. 

Cjie/jCTBue 1. ElpeflnojiOJKHM, hto b ycjiOBnnx JieMMBi [T] noMHMO cooTHomemin (J3]) n 
()4|) HMeeT MecTo ycnoBne fjl4)l . a bmccto ycjioBnn (J5]) HMeeT MecTo 6ojiee cnjiBHoe npe^no- 
jionceHne: 

Uni |/(x)| ■ exp{—(3 n I (|x — 6|, £o)} = 0, (16) 

x—yb 

f \ l/(n—1) 

r,a;e (3 n = ( g 4 jv/l-i j , g > 4 n M > 1. Tor^a TOHKa x = b aBjineTcn ycTpamiMon fljia 

0T06pa>KeHH5I /. 
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/doKa3ameAbcmeo. He orpaHHHHBan oO ttt hocth paccyjKfleHHH, mojkho cHirraTB, hto 6 = 0. 

3aMeTHM, hto /3 n = 1 j ^ ? TaK *ito no JieMMe |T] tohkb 6 He MonceT 

6bitb cym;ecTBeHHo ocodon ^jis /. npe^nojiojKHM, hto 6 = 0 HBjineTcn: ^jih oToSpajKeHHH 
/ nojirocoM. Topga paccMOTpHM KOMno3iin;Hio OTodpancemin h — g o /, pge g(x ) = gC - 
HHBepCHH OTHOCHTejIBHO e^HHHHHOH C(J)epBI § n_1 . 3aMeTIiM, HTO h - OTKpBITOe flHCKpeTHOe 
KOJinpeBoe Q-oTo6pa>KeHHe b Hyjie h 6,(0) = 0. KpoMe toto, b HeKOTopon oKpecTHocTH Hy- 
jih oTodpanceHne h (no nocTpoemno) HBjineTcn orpaHHneHHBiM. B TaKOM cjiynae, Han^yrcn 
£ 0 > 0 h R > 0, TaKHe , hto \h(x)\ < R ripn |x| < £ 0 . Cjie^oBaTejiBHo, bo3mo>kho ripnMe- 
Hemie npefljio>KeHHH [3] no HepaBeHCTBy (1T5|) . \h(x)\ = j-y^yy < ) exp{— /3 n I (|a?|, er 0 )}- 

OTciofla cjie^yeT, hto 

\f(x)\ -exp{ -p n I (|x|,£ 0 )} > — ^ . 

at n { 1 + R z ) 

OyaaKo, noeneyiTee cooTHomeHHe npoTHBopeHHT (TIBI) . nojiyHeHHoe npoTHBopenne ,goKa3bi- 
BaeT, hto TOHKa 6 = 0 HBjineTcn ycTpamiMon ^jih oToSpanceHnn /. □ 

3. OcHOBHtie cjie,zi,CTBH5i. npenyge Bcero, npoBe^eM doKa3ameJibcmeo meopeMU |7J B 

jieMMe [H nojiaraeM ifj(t) = l/tql^' 1 ^(6), <p(t) = exp < f —\ • Otmcthm, hto no 

l t rq b (r) J 

ycjiOBHio TeopeMBi, ripn noHTH Bcex r G (0, £o) HMeeM qb{r) < oo, OTKyga BBiTenaeT CTporoe 
ySniBaHne c^yHKpnn <p. KpoMe toto, no TeopeMe OySnHn HMeeM 

Q(x) ■ ijj n (\x — b\)dm{x) = 

£<\X — b\<£Q 



£0 


Q(x) ■ -0 n (\x 


6|) dS dr = co n -i 


£0 

j r n ~ lr ip n (r)q b (r)dr = 


£ S(b,r) 


£ 


= UJ n -i ■ I(e, £q) = U ) n _1 ■ log <p(s) . 


OTciofla, b nacTHocTii, cjie^yeT, hto BBinojmeHo ycjioBiie (Tl4l) npn M — 1. OcTaBinancn 
nacTB yTBepjK^eHHsi cjie^yeT H3 jieMMBi |Tj n cjieflCTBnn [H □ 

nojiaran b jieMMe |Tj b nanecTBe c^vhkhhh ijj(t) = 1/6, a b nanecTBe <p{t) = t~ q , q > 0, 
nojiynaeM cjie^yrorpee yTBepjK^eHne. 


TeopeMa 2. IJycTb Q : D —> (0, oo] - wsm ep hm a n no JleGery (\>ynKnun, 6 G D h f : 
D \ { 6 } —> M n - oTKpbiToe jyncKpexHoe KojibpeBoe Q-oTo6panceHne b Tonne 6 . 3a dpnKcnpyeM 
Eq > 0, Ta Koe hto Eq < dist ( 6 , dD). YLycTb, npohie toto, cyuqecTByeT nncno e 0 G (0,1) ranoe, 
hto npn £ — y 0 

dm(x) < Ci ■ log - , 

£ 



£<\x — b\<£Q 


rfle C i = Ci (6) - HenoTopan nojioxnTejibHan nocToxHHan. Totr a cynpecTByer HenoTopoe 
nncno q > 0 n nocTocmnan C > 0 Tanne, nno ycnoBne 


\f(x)\<C\x-b\ q , Vt G B(b, eq) \ {6} 









10 


Bjiener minnane npeyena (xoHenHoro jm 6 o OecxoHenHoro) oro 6 paxenna f b ronxe b. Kpone 
Toro, cyipecTByeT nocroaHHaa p > 0 , raxaa hto oyenxa Blip;a 


lim |/(x)| • \x — b\ p = 0 


Bjiener, hto ronxa b aBjiaerca ycrpaHmion yjia oro6paxenna f. 

JJ,oKa3ameAt>cmeo. 3aMeTHM, hto /(£, £ 0 ) = log pap, xax h npeoKpe, I(e,e o) 3aflaeTca 
cooTHomemieM Bima (QJ . Bee ocTajiBHoe HenocpepcTBeHHo BBiTexaeT H3 jieMMBi |Tj h cjiefl- 
CTBHH [l] □ 

TeopeMa 3.IJycrb Q : D —> (0, oo] - M3Mepmian no JIe6ery (pyriKiuia, b E D h f : 
D \ {6} —y M n - oTKpbiToe ynexpemoe xojibyeBoe Q-oroSpaxemre b ronxe b. 3a<pnxcnpyeM 
£o > 0, raxoe hto £q < dist (b,dD). IJpeynoaoxnM, nro npn nonrn Bcex x E D h npn 
HeXOTOpOM K > 0 

Qb{r) < K • ^log ^ (17) 

npn r —> 0. Tory a nanyerca nncjio p > 0 raxoe, nro HepaBeHCTBO ([5j), BbinojmeHHoe npn 
p(t) = exp log "- 1 (1 /t) n HexoTopoM a E (0, n — 1) (rye p>0nC>0- (jmxcnpoBaH- 
Hbie nocTOBHHbie) Bjiener, nro ronxa b aBjiaerca yjia oro6paxenna f jih6o noamcoM, mi6o 
yCTpaHHMOH OC060& TOnXOH. 

JdoKa3ameAbcmeo. npe^nojiojKHM, e 0 > 0, £0 E (0, min {1, dist (b, dD)}). IIojiaraeM 

£0 

= 1/t, I(£,£ 0 ) := J ij)(t)dt. Topga npn HeKOTopofi hoctohhhoh C\ > 0 h £ —>■ 0, 

£ 

y^HTBiBaa ycjioBne (1171) . HMeeM 


1 f Q(x)dm(x) < 1 

I n {£,£ 0 ) J \x-b\ n ~ 1 log n—Q—1 (1/ £) 

£<\x — b\<£Q 


Cl log'-Xe), 


oTKyfla BBiTexaeT BBinojiHeHne ycnoBHH (|3 |) —(|4 () jieMMBiHJ IIpHMeHJia 3Ty jieMMy, 3aKjnoHaeM, 
hto TOHKa b He mookht 6bitb cyipecTBeHHo ocodofi yna oTodpaoKemiH /. □ 

Cjie/jCTBue 2.IJycTb Q : D —>■ (0, 00 ] - H3Mepmiaa no Jle6ery cpynxyna, b E D n f : 
D \ {6} — > M” - orxpbiToe yncxpemoe xojibyeBoe Q-oTo6paxemie b ronxe b. 3a<pnxcnpyeM 
£q > 0, raxoe nro £ 0 < dist (b,dD). Torya Hanyerca nojioxnrejibHaa nocroaHHaa 7 > 0, 
7 < 1, co cjieyyioiynM cbohctbom. Ecjin oro6paxenne f yyoBjierBopaer 6ojiee cnjibHOMy, 
neM ([5]) (npn ( p(t) = exp log "- 1 (1 ft)), ycjiOBHio 

lim|/(x)| • exp j— 7 log 11 ^ 1 ^(£ 0 /|^ — 6 |)| = 0 , (18) 

x^rb K ) 

to f HMeer ycrpannMyvo oco6enHocrb b ronxe b. 

J-JoKa3ameAbcmeo. IIo TeopeMe[3]TOHKa b He MonceT 6 bitb cyipecTBemio ocodoii yna oto 6 - 
paHceHHH /. OcTajiocB noKa3aTB, hto npn BBinojiHeHHH dojiee chjibhbix ycjioBHH (117 )) - (fl8|) 
TOHKa b yjia oTo6pa>KeHHH / TaK>Ke He mojkct 6 bitb nojuocoM. 3aMeTHM, hto npn flocTaTOHHo 
6 ojibhiom Mi > 0, HeKOTopoM £1 E (0, £ 0 ) H Bcex £ £ (0, £ 1 ) 

/ (19) 

£<\x — b\<£Q 
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£0 

r^e ip(t) = 1/t h I(£,£ 0 ) = f ip(t)dt. npe^nojio:>KHM, hto TonKa b nBjineTCH ,zyin oTo6pa- 

£ 

JK6HHSI / nojnocoM. PaccMOTpHM KOMno 3 nn,nio oTodpaneeHnn h — g o /, r^e g(x) = ySm ~ 

\ x 

HHBepcna oTHocuTejiBHo eflHHHHHoft ccJ)epBi S(b, 1). 3aMeTHM, hto oToSpajKemie h HBjiaeTca 
KOJiBpeBBiM Q-oTo 6 pa>KeHHeM b Hyjie, h h( 0) = 0. KpoMe Toro, b HeKOTopoii oKpecTHocra 
Hyjia OTo 6 pa>KeHHe h, no nocTpoemno, nBjineTcn orpaHnneHHBiM. B TaKOM cjiynae, Han^yTcn 
> 0, £2 < £ 1 , n R > 0, Tanne, hto \h(x)\ < R npn \x — b\ < £ 2 . CorjiacHo jTI] jieMMa 5], 
ynnTBiBan cooTHomeHiie (fT9l) . nojiynaeM 


IM^)I 


1 

l/ 0 )| ~ 


a n (l + R 2 ) 
- x - eX P 


|-7 • log 


n—l — a 
n— 1 


£q 

x — b | 




r^e nocTOHHHBie a n n 7 = saBncnT tojibko ot n, a (5 - ot i?. He orpaHnnnBan 

o6iu;hocth, mojkho cnnTaTB, nro 7 < 1. Tor^a 

l/MI-expj- 7 .log — 737} S M1 + R2) ■ 

O^HaKO, ecjin npn otom BBinojiHeHO ycjiOBne mbi npnxoflHM k npoTHBopenmo, hto n 

7;oKa3BiBaeT cjie^cTBne. □ 

nycTB $ : [0, 00 ] —> [0, 00 ] - HeySniBaioman c^yHKpnn. Tor^a o6pamnaH gbyHKVL,UH 
MonceT 6bitb KoppeKTHo onpeflejieHa cjie^yrontHM o6pa30M: 


$ -1 (t) = inf t. (20) 

<1*(t)>r 

Kan oSninHO, inf b (120|) paBeH 00 , ecjin MHoncecTBO t G [0, 00 ], Tafcnx hto $(t) > r, nycTO. 
3aMeTHM, hto (J/yHKpnn Tannce nBjineTcn HeySbiBaiomeH. 

TeopeMa 4. IlycTb Q : D —>■ (0, 00 ] - n3Mepmian no JleGery (pyiiKnmr. b G D n f : 
D \ {6} —>■ M n - oTKpbiToe yncKpexHoe KOJibpeBoe Q-oTo6payKeHne b ronxe b. 3a(}mi<:cnpyeM 
£0 > 0, raKoe hto £0 < dist (b, dD). Kpoue roro, npeynojioxmi, hto cyipecTByioT hucjio 
M > 0, HeyGbiBaioman BbinyKjian dpyHKpnn 4> : [0, 00 ] — > [0, 00 ] n oxpecTHOCTb U tohkh b, 
Taicne hto 

/ - M < 21 > 
u 

n 

00 

f dr . . 

/ -— = 00 (22) 

/ r [4) 1 (t)] n_1 

npn HenoTopoM c) 0 > $(0). Torya HanyeTcn ’inc.no p > 0, Taxoe hto HepaBeHCTBO f[2p • 
BbinojiHenHoe c HeKOTopott nocTonnnoii C > 0, bjtc’tct najrnnnc npeyena OToGpanKcnnn f b 
T onne b. 

/ JoKa3amejit>cmeo. H 3 ycjioBnn fl2TT) - (l22ll n [ T2l TeopeMa 3.1] cjie,n;yeT pacxo^HMocTB hh- 

eo 

Terpana Bii^a f 1 /y t - 1) — = 00 • Bee ocTajibHoe cjie^yeT H3 TeopeMbiQ] □ 

0 1 7) 
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Cjie^ysi m, SygeM roBopirru, uto jioKajiBHo HHTerpiipyeMas cji/yHKnyisi <p : D — » M HMeeT 
KOHennoe cpednee KOJiedanue b toukb xq G D, nnineM p e FMO(x o), ecjni 


lim sup 

£—>0 


— f 

n n E n J 

B(XQ ,£) 


| ip(x) — (p £ | dm(x) < oo , 


rfle = n; / < p(x) dm(x ). 3aMeraM, uto, xax H3BecTHo, = m(B(x 0 ,£)). HMeeT 

B(xo,e) 

MecTo cjiegyrorgaH 

TeopeMa 5. IJycTb Q : D —>■ (0, oo] - H3Mepmian no JleGery dpyHxpnn, 6 6 D h f : 
D\{b} —> M" -oTKpbiToe fliicKpeTHoe KOJibpeBoe 0-oroGpayxeime b Tonxeb. llpennonon<HM. 
bto Q e FMO{b). Tor//a Han//eTcn noxasaTejib CTenemi p ', 3a bhc hu/ hh tojibko ot (pyHK rr mr 
Q, Taxon hto HepaBeHCTBo 

l/MI <C (log ^)\ (23) 

BbinojmeHHoe npn HexompoM C > 0 up 6 (0,p') Bjiener Hajinnne npe//ejia OTo6pancennn f 
b Tonxe b. 

Bo.nee toto, cyniecTByer 0 < po < p', Taxoe, hto oiienxa auya 


lim 

x^-b 




= 0 


(24) 


BjieneT, hto 6 = 0 nunnercn ycTpamiMon ocoGoti tohxoh /inn OTo6pan<eunn f. 

£0 

/JoKa,3amejibcm60. B jieMMe |T| nojiooxHM ip(t) := 1 L , T.e., I(e,e o) = / ^(t)dt = 

r £ 

log log , KpoMe toto, ip(e) := log-. 3aMeraM, uto g;jiH (JiyHxipiH Kjiacca FMO b Touxe 

O PCI 

J Q{x + 6) dm(x) 

e<\x\<eo 


e 0 


n = O I log log 

lad log A' ' 

i p| 


npu £ — y 0 h gym HexoToporo eo > 0, eo < dist (0, dD ) (cm. |H cjiegcTBHe 6.3]). IIooTOMy mbi 
cpa3y nojiyuaeM BBinojiHemie ycjioBiifi (]3j) h (]4|) , uto goxa3BiBaeT bo3mooxhoctb Henpepura- 
hoto npoupu/KeTTHH b Touxy b. OcTaBinauoT uacTB yTBepoxgeHHH BBiTexaeT in cjiegcTBHH 

EO □ 


TeopeMa 6. IJycTb Q : D — >■ (0, oo] - HSMepmran no JleOery dpyHxpnn , b E D n 
f : D \ {b} — > M n - OTxpbiToe /pncxpeTHoe xojibpeBoe Q-OTo6panceHne b Tonxe b. IJycTb, 
xpoMe toto, qb(r) < C ■ (log (;)” npn r —> 0. Tonga cyu/ecTByer 0 < p 0 < oo Taxoe, hto 
TOH xa b HBjineTcn ynn oToSpanceHnn f jin6o nojnocoM, jin6o ycTpanmioit oco6on tohxoh , 
xax Tojibxo cooTHomeHne /T231) Bbinojineno npn npomBOjibHOM 0 < p < p () . 

KpoMe toto, Han//eTcn: 0 < pi < oo Taxoe, hto ecjin npn 0 < p < pi HMeeT uecro opeHxa 
BH//a 1^24 1) . to TOHxa 6 = 0 HBjineTcn ycTpannuon ynn oTo6panxeHHH f. 

J-JoKa3amenbcmeo. He orpaHuuuBau oO ttt hoctu paccyjKfleHHH, mojkho cuuTaTB, uto 6 = 0. 
OuKcupyeM e 0 < min {dist (0, dD ), 1} . nouaraeM = 1 r , <p(e) := log-. 3aMeTHM, 
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f Q(x)dm(x) 

/ ( \ U 

£0 

= / 

f 

Q(x)dm(x) 

/ \ n 

«<W<,„ (J x I 1o §h) 

J 

£ 

J 

yd = r 



dr < C ■ uj n -i ■ I(e,£ 0 ), 


£ ° 1 i 

pge, Kax h npeayge, I(e, £ 0 ) : = J ip(t)dt = log ° g j[_ . OTcipga saKjnouaeM, hto ripn yKa3aHHoii 

e og e o 

Bbime cj^ymopm ifj HMeioT MecTo ycjioBiia (J3]) h (J4j) jicmmbi [T] TaxiiM o6pa30M, nepBasi uacTB 
3 aKjnoueHiisi TeopeMBi [H] ycTaHOBjieHa. BTopoe yTBepjK^eHHe stoii TeopeMBi BBiTexaeT H3 
cjieflCTBiia [H □ 

Hanocjie^oK ccJropMynHpyeM erpe o^;ho Ba>KHoe yTBep>K,ii;eHHe, oTHocaipeeca k cypioMy ,n;o- 
cTaTOHHo mnpoKOMy Kjiaccy oToSpajKemifi, ^jia KOToporo ocHOBHBie pe3yjiBTaTBi 3aMeTKii 
HMeioT MecTo. HanoMHHM, hto TOHKa Xq G D Ha3BiBaeTca mouKou eemejieHUfi omodpaatceHua 
/, eCJIH HH B KaKOH OKpeCTHOCTH U TOMKII Xq Cy>KeHIie f\ u He 5IBJI5I6TC5I rOMeOMOp(J)H3MOM. 
MlIOKeCTBO TO T TeK B('TB.neiTH>I OTo6pa>KeHH5I / npiiHHTO o6o3HauaTB CHMBOJIOM B f. IIockojib- 
Ky npoH3BOJiBHoe oTKpBiToe ^HCKpeTHoe oToSpaxcemie / : D —> M n Kjiacca W^(D), pjm 
KOToporo Kj(x, f) e Lj oc h m(Bf) = 0, hbjihctch kojibiipbbim Q-oToSpaaceHneM b npoH3- 
bojibhoh TOHKe 3aflaHHo0 oSjiacTH, cm. [13, TeopeMa 1] h [3j cjie^cTBne 3.14 h npe^jiojKe- 
Hue 4.3]), H3 TeopeM [THU BBiTexaeT cjieflyioin;ee yTBepjKflemie. 

Cjie/jCTBue 3. Ka>KM>e H3 3&KjnoHemiH Teopehi[ TH31 a Ta Kxe cjieflCTBHH Q]21 cupaBep;- 
jihbo fljia npoH3BOJibHbix OTKpbiTbix flHCKpeTHbix OTodpaxcemiii f : D \ {b} —> M” Kjiacca 

W toc( D \ W)> TaKHX ^ TO K l( X i f ) e Lie H m ( B f) = 0- 
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